Integration using parameter
Yue Kwok Choy

It all begins when an oversea student sent a question to me by whatsapp:

Show that flexlnxdx = %(e2 + 1).

Hence, or otherwise, evaluate f 1e x (Inx)%dx .

The solution is not too difficult. For the first part of the question

Method 1
Let I = flexlnxdx

Let u=Inx , e'=x , e%du=dx
When x=e,u=1. When x=1,u=0.

ol = fol e'(u)eldu = fol ue?idu = %fol ud(e?4) =%[ue2u|$ - fol ezudu] , integration by parts.
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Method 2
flexlnxdx = %fle Inxd(x?) = %[xz Inx|¢ — fle x?d(Inx)| , integration by parts.

= et e (2)] =2 fe - frxax] = 2ot <[] =2t - S =+ 0

The second part of the question is also not too difficult.

Method 1
Let 1 = flex(lnx)zdx

Let u=Inx , e'=x , e%du=dx
When x=e,u=1. When x=1,u=0.

1= fol e'(u?)etdu = fol u?e?du = %fol u?d(e?") = %[uzezulé -2 fol uezudu]
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[ez —-2X i (e? + 1)] , using the result of Method 1 in the first part.
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Method 2

[ x (Inx)?dx = g [{nx)?d(x?) = %[xz (Inx)?|$ — [ x?d(Inx)?] , integration by parts.
1 1 1
= E[ez - flexz (2 x;lnxdx)] = E[ez — Zflexlnxdx]
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[ez -2X i (e + 1)] , using the result of Method 2 in the first part.
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The story begins here. Can we evaluate the integral by using higher power of In x ?

We use, as illustration, I le x (Inx)3dx .
Let u=Inx , e'=x , e%du=dx
When x=e,u=1. When x=1,u=0.
We get
e 1
f x(Inx)3dx = f ule?'du
1 0

: : 1
So we concentrate our discussion on fo ude?'du.
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Let f(t) = fol e?du =

2t

f'(t) = %fol e?du = 2 fol ue?™du  (note that we differentiate wrt to t, not u)
£(¢t) = %[2 fol ueztudu] = 4f01 uZe2tidy

f'(t) = % [4 fol u? eZt“du] =8 fol u®e?™du  , which is connected with our desired integral.

Now, we differentiate the RHS of (1),

e?t(2t?-2t+1)-1 e?t(4t3-6t2+6t—3)+3
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Hence, fo e?tdu =——
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Put t=1, we have all four integrals at the same time,

fol e2udy = flexdx = %(e2 -1)

[ ue?idu = [£x (Inx)dx = 2 (e + 1)
fol u?e?'du = flex(lnx)zdx = i(ez -1
fol ule?du = [ x (Inx)3dx = %(32 +3)

Exercise

Show that (a) J'OOO xSe 2% dx = 1?5

xt-1
Inx

%2017 _1

dx

(b) fol dx =1In(2018) by putting f(t) = fol

Inx



