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 It all begins when an oversea student sent a question to me by whatsapp: 
 
 
 
 
 
 
 
The solution is not too difficult.  For the first partfirst partfirst partfirst part  of the question 
 
Method 1Method 1Method 1Method 1    
 Let I = % x'

( ln x dx 
 Let  u = ln x  ,  e* = x  ,  e*du = dx 
 When  x = e, u = 1.  When  x = 1, u = 0. 
 ∴ I = % e*.u/e*du(

0 = % ue1*du(
0 = (

1 % ud.e1*/ =(
0

(
1 23ue1*|0( − % e1*du(

0 6 , integration by parts. 

  = (
1 73e1 − '89

1 :0
(; = (

1 2e1 − <'8
1 − (

1=6 = >
? .@A + >/    

    
Method 2Method 2Method 2Method 2    
 % x'

( ln x dx = (
1 % ln x'

( d.x1/ = (
1 D3x1 ln x|(' − % x1d.ln x/'

( E  , integration by parts. 

  = (
1 2e1 − % x1 <FG

G ='
( 6 = (

1 De1 − % xdx'
( E = (

1 7e1 − 3G8
1 :(

'; = (
1 2e1 − '8H(

1 6 = >
? .@A + >/    

    
The second partsecond partsecond partsecond part  of the question is also not too difficult. 
    
Method 1Method 1Method 1Method 1    
 Let I = % x'

( .ln x/1dx 
 Let  u = ln x  ,  e* = x  ,  e*du = dx 
 When  x = e, u = 1.  When  x = 1, u = 0.  
 ∴ I = % e*.u1/e*du(

0 = % u1e1*du = (
1 % u1d.e1*/ = (

1 23u1e1*|0( − 2 % ue1*du(
0 6(

0
(

0  

  = (
1 2e1 − 2 × (

J .e1 + 1/6 , using the result of Method 1 in the first part. 

  = >
? .@A − >/    

Show that % x'
( ln x dx = (

J .e1 + 1/. 

Hence, or otherwise, evaluate % x'
( .ln x/1dx . 



Method 2Method 2Method 2Method 2    
 % x'

( .ln x/1dx = (
1 % .ln x/1'

( d.x1/ = (
1 D3x1.ln x/1|(' − % x1d.ln x/1'

( E  , integration by parts. 

  = (
1 2e1 − % x1 <2 × (

G ln x dx='
( 6 = (

1 De1 − 2 % x'
( ln x dxE 

  = (
1 2e1 − 2 × (

J .e1 + 1/6 , using the result of Method 2 in the first part. 

  = >
? .@A − >/    

 
The story begins here.  Can we evaluate the integral by using higher power of ln x ? 
We use, as illustration,   % N@

> .OP N/QRN    . 
 Let  u = ln x  ,  e* = x  ,  e*du = dx 
 When  x = e, u = 1.  When  x = 1, u = 0. 
 We get   
    
 
 
 
 So we concentrate our discussion on % SQ@ASRS>

T ....    

    Let       f.t/ = % e1U*du = 3'8V9
1U :0

((
0 = '8VH(

1U     … .1/     

 f ′.t/ = F
FU % e1U*du(

0 = 2 % ue1U*du(
0    .note that we differentiate wrt to t, not u/ 

 f ′′.t/ = F
FU 22 % ue1U*du(

0 6 = 4 % u1e1U*du(
0  

 f ′′′.t/ = F
FU 24 % u1e1U*du(

0 6 = 8 % u[e1U*du(
0   , which is connected with our desired integral. 

 Now, we differentiate the RHS of .1/,  
  f ′.t/ = 1U'8VH'8V^(

1U8   ,    f ′′.t/ = '8V_1U8H1U^(`H(
Ua    ,   f ′′′.t/ = '8V_JUaHbU8^bUH[`^[

Uc  

 Hence,  % e1U*du =(
0

'8VH(
1U  

    2 % ue1U*du(
0 = 1U'8VH'8V^(

1U8  

    4 % u1e1U*du(
0 = '8V_1U8H1U^(`H(

Ua  

    8 % u[e1U*du(
0 = '8V_JUaHbU8^bUH[`^[

Uc  
 

d N
@

>
.OP N/QRN = d SQ@ASRS

>

T
 



 Put  t = 1, we have all four integrals at the same time, 
  % e1*du = % N@

> RN = (
1 .e1 − 1/(

0  

  % ue1*du(
0 = % N@

> .OP N/RN = (
J .e1 + 1/ 

  % u1e1*du(
0 = % N@

> .OP N/ARN = (
J .e1 − 1/ 

  % u[e1*du(
0 = % N@

> .OP N/QRN = (
f .e1 + 3/ 

 
Exercise Exercise Exercise Exercise  
Show that   .a/ % xieH1Gj

0 dx = (i
f     

   .b/ % G8klmH(
no G

(
0 dx = ln.2018/  by putting  f.t/ = % GVH(

no G
(

0 dx . 
       
 


